We use Gaia Data Release 2 to determine the mean proper motions for 150 Milky Way globular clusters, providing the most complete and precise catalogue to date, which contains almost all known objects. Combining them with distance and line-of-sight velocity measurements from the literature, we analyze the distribution of globular clusters in the 6d phase space, using both position/velocity and action/angle coordinates. The population of clusters in the central 10 kpc has a mean rotational velocity reaching 50 − 80 km/s, and a nearly isotropic velocity dispersion 100 − 120 km/s, while in the outer galaxy the cluster orbits are strongly radially anisotropic. We find a substantial clumping in the action space, and hints for a non-uniform distribution in phase angles. Finally, we explore a range of equilibrium distribution function-based models for the entire globular cluster system, and the information they provide about the potential of the Milky Way. The dynamics of clusters is best described by models with the circular velocity between 10 and 50 kpc staying in the range 220 − 250 km/s.
INTRODUCTION
With the second data release (DR2) of the Gaia mission in April 2018 (Brown et al. 2018 ), a new era in dynamical astronomy has begun. The amount and precision of the astrometric data provided by Gaia makes it possible to explore not only the kinematics of stars in the Solar neighbourhood, where the individual measurement uncertainties are negligible, but also much more distant objects such as globular clusters and satellite galaxies, in which the statistical errors are reduced by averaging over many stars belonging to each system. Gaia collaboration , hereafter H18) determined the mean proper motions (PM) for 75 galactic globular clusters -roughly a half of the known population listed in the Harris (1996 Harris ( , 2010 catalogue, mostly lying within a heliocentric distance of 15 kpc and having a sufficient number of bright stars with accurate astrometric measurements. However, this does not imply that the remaining ones are unsuitable for analysis. PM of some of them have also been determined from the Hubble space telescope (HST ) data, but many are still missing. Ground-based PM measurements are available for a larger sample, but their accuracy is inferior to the space-based ones.
In this paper, we use the Gaia DR2 to measure the E-mail: eugvas@lpi.ru mean PM for 150 globular clusters -the largest sample to date, and twice larger than provided by H18. Section 2 presents this new catalogue and compares it with other existing measurements, both ground-and space-based. We then combine the PM with the distances and line-of-sight velocity measurements available in the literature, to obtain the full 6d phase-space distribution of globular clusters. In section 3, we analyze various trends in this distribution (e.g., velocity dispersions, anisotropy and rotation) in the position/velocity phase space. We also examine this distribution in the action/angle space, which allows a more clear identification of various sub-populations with different kinematics, and also hints at possible selection biases. Then in Section 4 we model the population of globular clusters by an equilibrium distribution function (DF) in the action space. We determine the range of parameters of both the DF and the gravitational potential which are consistent with the observed dynamics. Section 5 summarizes our results. Technical details about our PM measurement procedure, remarks about individual clusters, the table containing PM and other parameters for the entire sample of clusters, and a dozen of example PM fits, are deferred to the Appendix.
PROPER MOTIONS

Data
We use the following selection criteria on the input sample:
• Select all stars with full astrometric data (position, parallax and PM µα, µ δ ) within a certain angular distance ρ from the cluster centre. The distance is typically chosen to be 2× larger than the half-light radius (a few arcminutes for most clusters), but in a few cases we needed to manually adjust it, ensuring that a sufficient number of likely nonmember stars are found in the region. These are needed for our mixture modelling approach: in the absense of a reliable field population, we would be forced to attribute each source to the cluster, even if its PM is grossly inconsistent with the mean value.
• Retain only sources with measured parallax < 1/D + 3 , where D is the distance to the cluster, and is the quoted parallax uncertainty. This removes most nearby stars which lie on the line of sight.
• Remove sources with astrometric excess noise parameter greater than 1 (or 2 for a few clusters with very few members). This parameter indicates that the astrometric solution might be unreliable (in particular, the formal uncertainties might be underestimated), which happens mostly for unresolved binaries or faints sources in crowded fields (Lindegren et al. 2018 ).
We chose not to use the Gaia BP and RP colour measurements in the fitting procedure for the following reasons. First, they are not available for some faint sources, and especially in dense fields, the BP and RP flux measurements are rather unreliable, suffering contamination from nearby brighter stars (this is manifested in an elevated value of the phot bp rp excess factor parameter). Second, the current stellar population models, although sophisticated, still do not describe well the population of blue horizontal branch stars. Likewise, the ages, metallicities and extinction coefficients are not well known for some of the clusters, and sometimes the values quoted in the catalogue clearly do not match the reddening-corrected colour-magnitude diagram (CMD) seen in the Gaia data. All these uncertainties mean that filtering the CMD based on the proximity of observed magnitudes to the theoretical isochrone curve would leave out some, or sometimes even most sources. For wellpopulated clusters this would make little difference, but for many of the more distant or extincted clusters without previously available PMs, additional cuts in CMD would unnecessarily reduce the already small sample sizes. Nevertheless, we visually inspect the resulting CMDs for all clusters, and in most cases the PM-filtered subset of cluster members also aligns well with the theoretical isochrone curve, or at least clearly stands out of the field population.
Method
The distribution of sources in the PM space {µα, µ δ } typically has a well-defined clump corresponding to the cluster members, and a broader distribution of field stars. Quite often, though, there is no clear separation between the two, and we employ a probabilistic Gaussian mixture model to select member stars and to infer the intrinsic (error- is plotted as a green dashed line, but for N 100 the systematic errors are dominant (cyan dot-dashed line). Different symbols denote the new clusters in this work (circles) or clusters with previously determined PM (from H18, HST , or both). Points are coloured according to the distance to the clusters as given in the Harris catalogue.
deconvolved) parameters of the distributions of both member and non-member stars -a modification of the Extreme Deconvolution approach (Bovy et al. 2011) . We describe the procedure and our amendments in the Appendix.
Some of the most massive or nearby clusters contain tens of thousands stars in the Gaia catalogue, allowing to measure not only the average PM for the entire cluster, but also, to some degree, its internal kinematics (e.g., the radial profile of the velocity dispersion or the amount of rotation, as illustrated by Bianchini et al. 2018 or Figure A.5 in H18) . We do not attempt to perform such detailed analysis in this work, leaving it for a future study. The only manifestation of the internal kinematics in our procedure is the overall internal PM dispersion, corresponding to the intrinsic width of the isotropic Gaussian component for the cluster stars. We allow it to be adjusted during the fit, but impose an upper limit corresponding to the line-of-sight velocity dispersion as listed either in Baumgardt & Hilker (2018) or Harris (2010) (adopting a value of 3 km/s for missing data).
The fitting procedure produces the estimate of the mean PM {µα, µ δ } and its associated uncertainty covariance matrix, which may equivalently be represented by two standard deviations { µα , µ δ } and the correlation coefficient rµ α µ δ . The statistical uncertainties roughly follow the relation µ 0.35 N −1/2 mas/yr (Figure 1) , and for clusters with N 100 member stars are smaller than the systematic errors, which are estimated to be at the level 0.035 mas/yr (H18). Dinescu et al. (1999) and several later papers -second column; Chemel et al. (2018) -third column; Kharchenko et al. (2013) -last column. Top row: comparison between µα from the literature and from this work; middle row: same for µ δ ; bottom row: difference between the literature measurements and this work (two PM components plotted against each other, note the different scale for each column). Colours denote the distance to the clusters (same colour scheme as in the previous plot).
Results
to measure it only for a few clusters from the Harris (2010) catalogue -either very distant ones with less than a few stars on the red giant branch detectable by Gaia (Ko 1, Ko 2 and AM 4), or heavily extincted clusters in the disc plane that were discovered in infrared surveys (2MASS-GC01, 2MASS-GC02, GLIMPSE1, GLIMPSE2 and UKS1).
We compared our PM with several existing catalogues ( Figure 2) . Half of our sample has already been analyzed by the Gaia collaboration, using somewhat different approach for membership determination (H18). For the vast majority of these clusters, our measurements agree with the ones from that paper to better than 0.05 mas/yr. The two clusters with the largest difference (∼ 0.2 − 0.25 mas/yr) are M 28 and M 62, which are both located in rather dense regions on the sky; a visual inspection of PM diagrams confirms the validity of mean values obtained by our Gaussian mixture procedure.
Absolute PM have been obtained with HST for 25 clusters in our sample: 20 distant clusters in Sohn et al. (2018) , NGC 6681 in Massari et al. (2013) , Terzan 5 in Massari et al. (2015) , Pal 5 in Fritz & Kallivayalil (2015) , NGC 6652 in Sohn et al. (2015) and NGC 6838 in Cadelano et al. (2017) . Of these, only Terzan 5 differs from our value by about 2 mas/yr in µα, and the remaining measurements agree to better than 1 mas/yr. Terzan 5 lies in a dense field within the Galactic bulge, and in order to establish the absolute PM, Massari et al. (2015) used bulge stars as a reference, not distant quasars as typically done for other HST clusters, which may explain the offset. The good agreement between two space-based missions is encouraging, and lends further credibility to the Gaia results. On the other hand, a comparison with ground-based PM measurements demonstrates that there are often significant differences, up to a few mas/yr. The catalogues of Casetti- Dinescu et al. (2007 Dinescu et al. ( , 2010 Dinescu et al. ( , 2013 and Chemel et al. (2018) still demonstrate a rather good correlation with the Gaia measurements (2nd and 3rd columns in Figure 2) , however, the one from Kharchenko et al. (2013) Figure 3 . Kinematics of the Milky Way globular cluster system. Plotted are the velocity dispersion in spherical coordinates (σr -solid red, σ θ -dashed green, σ φ -dot-dashed blue) and the mean azimuthal velocity (v φ -dotted yellow) as functions of spherical radius, with 68% uncertainty bands shaded in respective colour.
5 mas/yr (last column). Unfortunately, the last catalogue is the default source of PM values listed in SIMBAD. We also performed several internal validation procedures, comparing the PM determined from a restricted subset of stars: removing stars with magnitudes G > 20 as in H18 or with phot bp rp excess factor exceeding the colour-dependent threshold suggested in Lindegren et al. (2018) , or changing the maximum angular distance from the cluster centre. The results were robust to these changes, with differences typically less than the quoted statistical uncertainty. We therefore believe that the mean cluster PM provided in this study are not only precise (corresponding to transverse velocity errors less than 10 km/s for most clusters except a few distant ones), but also accurate in as much as the Gaia data itself, besides being the most complete sample to date.
KINEMATICS OF THE GLOBULAR CLUSTER SYSTEM
Velocity distribution
Having precise PM for most of Milky Way globular clusters, we are ready to analyze their distribution in the full 6d phase space. The Gaia PM are complemented by the distances and radial velocities. The latter are measured with a typical error of only 1 − 2 km/s, although for a few clusters it is much larger. We use the velocities from the catalogue of Baumgardt & Hilker (2018) when available, and from the Harris (2010) catalogue otherwise. Two clusters from our list (Terzan 10 and BH 261) do not have published line-of-sight velocities; we assign them a zero mean value (after subtracting the solar motion), and an uncertainty of 120 km/s. The distance and radial velocity of Djorg 1 are both unreliable, as explained in the Appendix, and we exclude this cluster entirely. The remaining few clusters that do not have PM measurements (and no line-of-sight velocities either, except two bulge clusters) could be included into the analysis by assigning them a similarly large formal uncertainty, however, they add very little information, and omitting them makes no difference to the modelling result. We take the distances from the Harris (2010) catalogue, and assume an error of 0.05 in distance modulus, corresponding to a relative error of 0.023 in the distance (similarly to Watkins et al. 2018) . This is probably a rather optimistic choice: for some clusters, the variation in several independent distance estimates from the literature could exceed 10%. Even so, the distance appears to be the largest source of uncertainty for the majority of clusters, except a few outermost ones with large PM errors. The uncertainties in the data are propagated to the subsequent models as follows: for each cluster, we draw N samples = 1000 Monte Carlo samples from the distribution of errors in PM (taking into account their covariance), distance and line-of-sight velocity. We then convert these samples to Galactic coordinates, assuming the solar position within the Galaxy at R0 = 8.2 ± 0.1 kpc, z0 = 25 ± 5 pc, and the solar velocity vector {vR, v φ , vz} = {−10 ± 1, 248 ± 3, 7 ± 1} km/s (Bland-Hawthorn & Gerhard 2016). The distribution of Monte Carlo samples for each cluster is often significantly elongated in the position/velocity space, and sometimes does not resemble a simple Gaussian at all. By using the full ensemble of samples for each cluster, rather than just their covariance matrix, we ensure a correct marginalization over observational errors throughout our modelling procedure. Figure 3 shows the radial profiles of velocity dispersions and the mean azimuthal velocity of the population of clusters. Several trends are apparent:
• Clusters within r 10 kpc move mostly on prograde orbits, with mean velocity reaching 70−80 km/s at 5−6 kpc.
• The velocity dispersion tensor is close to isotropic in the inner Galaxy (r 20 kpc), and becomes radially anisotropic further out. This follows similar patterns observed in the population of halo stars (e.g., Deason et al. 2012 ).
• The polar velocity dispersion σ θ has a bump at r ∼ 30 kpc, which is caused by a coherent motion of several clusters associated with the Sagittarius stream. If we remove these from the sample, this bump disappears and σ θ remains at a value 100 km/s.
A more detailed illustration is presented in Figure 4 , which shows the distribution of clusters in 2d spaces of radius and velocity (separately for each velocity component). It highlights various features in the cluster kinematics, which have been known previously:
• Metal-rich clusters are predominantly found inside 10 kpc and on preferentially corotating orbits, with typical value of azimuthal velocity v φ 100 km/s. These are responsible for the peak in v φ in the inner Galaxy, seen in the previous plot.
• There are several clusters on significantly retrograde orbits (e.g., NGC 3201 and NGC 6101), which may have been accreted from an infalling satellite galaxy. The now available accurate kinematic information complements the age and metallicity measurements and will help to better distinguish accreted cluster from those formed in situ (e.g., Forbes & Bridges 2010 Te rza n 7
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• Some kinematic structures are readily identified, such as the four clusters in the core of the Sagittarius stream (M 54, Terzan 7, Terzan 8 and Arp 2), which all have similar radii and high v θ . However, this is not at all apparent for two other clusters that are on very similar orbits (Pal 12 and Whiting 1, with the PM of the latter first measured in this study); to see their relation to the stream, one would need to compute the orbits or the integrals of motion. This requires the knowledge of the potential.
Action-angle space distribution
To get further insight into the observed distribution of globular clusters, we convert their positions and velocities into actions and angles. For this, one needs to specify the potential, and we use the best-fit model of McMillan (2017) as our default choice. The actions and angles are estimated using the Stäckel fudge approach (Binney 2012 , see also Sanders & Binney 2016 for an overview of action computation methods), as implemented in the Agama galaxy modelling framework (Vasiliev 2018) . Figure 5 illustrates the distribution of clusters in the action space: two coordinates on the plot specify the relative weight of each of the three actions, and the third dimension -the total energy E, expressed equivalently as the radius of a circular orbit Rcirc(E) -is shown by colour. To avoid clutter, we split the entire population into two roughly equal halves, with Rcirc = 5 kpc as the boundary (a few clusters appear in both panels because of uncertainties in their energy). This plot shows various sub-populations more clearly than the velocity-space diagram. For instance, all six Sagittarius stream clusters are grouped together in the upper half of the right panel, indicating that they are on nearly polar orbits. A few more pairs of clusters are on similar orbits: M 15 and M 22, M 71 and Pal 10, and with a stretch of imagination, M 53 and NGC 5053, although the latter pair only happens to be very close in physical space at present, but their line-of-sight velocities differ by 100 km/s.
Another interesting feature is the clumping of several clusters in the bottom part of the right panel, indicating that they have rather eccentric orbits with large radial actions. This population was identified by Myeong et al. (2018) and associated with a similar radially-biased population in the stellar halo. The eight clusters listed in that paper are M 2, M 56, M 75, M 79, NGC 1851, NGC 2298, NGC 2808 and NGC 5286. Possible other candidates in the same region are NGC 6584 and IC 1257, although no two of the entire sample of high-Jr clusters appear to be on similar orbits in physical space. A more detailed classification of the cluster population and its relation to the stellar halo would need to take into account chemical composition and star formation history (e.g., Kruijssen et al. 2018) , in addition to the now available kinematic information. Each cluster is shown as a cloud of Monte Carlo samples representing the uncertainties in its actions, coloured by the radius of a circular orbit R circ (E) with the given total energy. The horizontal coordinate is η ≡ J φ /L circ (E) -the normalized z-component of angular momentum, ranging from −1 in the left corner to +1 in the right corner. The relative weight of radial vs. vertical action is quantified by an auxiliary variable ζ ≡ (Jz − Jr)/(Jz + Jr), ranging from −1 for in-plane orbits with Jz = 0 to +1 for circular or thin-shell-like orbits with Jr = 0. As the orbits with |η| close to unity are both circular and in-plane, the useful range of the other two actions shrinks to zero; consequently, the vertical coordinate is not ζ by itself, but rather ζ cos(η π/2). Clusters in the inner Galaxy, with R circ < 5 kpc, are plotted on the left panel, and the remaining ones -on the right; this choice splits the sample into roughly equal halves. As in the previous figure, clusters with previously measured PM are shown by green labels, and the new ones -by blue. Clusters that are both close in these 2d coordinates and in colour may belong to a common dynamical structure, such as the group of several clusters associated with the Sagittarius stream in the top of the right panel. The use of actions, as opposed to any other integrals of motion, also allows to examine the distribution of clusters in phase angles, which are canonically conjugate variables to actions. We expect a uniform distribution in angles for a well phase-mixed population. Figure 6 shows the distribution of observed clusters (taking into account the errors) in three phase angles, and it visually differs from a uniform one. The phase angle of azimuthal motion θ φ describes the location with respect to the solar position; the higher probability of finding clusters around 0 or 2π suggests that the catalogue is deficient in clusters located at the other side of the Galaxy, which may have escaped detection because of dust obscuration. A similar asymmetry is observed in the distribution of azimuthal angle φ itself (see Figure 7 in Binney & Wong 2017). Likewise, the vertical phase angle θz around 0 or π corresponds to the upward/downward passage through the Galactic plane, while the values around π/2, 3π/2 correspond to the turn-around points of vertical oscillation. Hence the clusters near the disc plane are underrepresented in the catalogue, likely for the same reason. Note that this statement is not about the vertical flattening of the cluster spatial density profile, but rather about the non-uniform probability of observing clusters at different orbital phases. Finally, the radial phase angle θr = 0 is reached near periapsis, and θr = π -near apoapsis. As seen from the plot, both these values are more likely than the intermediate ones, although in this case the interpretation is not clear. However, the significance of all these deviations is not very large, and they could arise accidentally due to finite-sample effects. We performed the following experiment: take the observed positions and velocities of all clusters and integrate their orbits for 10 Gyr. The time-averaged distribution in phase angles is, of course, close to uniform, but the distribution at any given time quite often exhibits fluctuations as large as seen in Figure 6 . However, these fluctuations occur at random offsets, unrelated to the possible geometric selection effects suggested above.
DYNAMICAL MODELLING
Method
To get further insight into the dynamical properties of the globular cluster system, and the information it provides about the Milky Way potential, we follow the standard assumption that this is a steady-state equilibrium configuration. The population of clusters is described by a certain distribution function (DF) f (w), which specifies the probability of observing a particular combination of position and velocity w ≡ {x, v} for any cluster. According to Jeans' theorem, in a steady state the DF must be a function of integrals of motion I(w; Φ), which themselves depend on the potential Φ. The log-likelihood of the model is given by the sum of log-likelihoods for each cluster, marginalized over their respective error distributions:
Here S(w) is the selection function, which specifies the probability of observing a cluster at a given position (and possibly velocity) in the survey. For clusters, this function is close to unity, except in some regions in the central Galaxy or beyond, where the strong extinction along the line of sight might have prevented their discovery or observation, or in the very distant outer regions, where the clusters are too faint. Empirically, we could not locate 5% (8 out of 157) clusters from the Harris (2010) catalogue in the Gaia data, which suggests that the incompleteness of our sample with respect to known cluster population is rather minor. However, the non-uniformity of cluster distribution in phase angles, identified in the previous section, hints at a possible existence of yet undiscovered clusters. Despite this, in the remaining analysis we assume S = 1. Binney & Wong (2017) found that inclusion of an extinction-dependent selection function had little effect on their results.
The integral in the numerator of Equation 1 is the convolution of the DF with the error distribution for each cluster. We replace this integral by a sum over the Monte Carlo samples w i,k , k = 1..N samples , defined in the previous section. Note that this sum is inside the argument of the logarithm, so that even if some of the samples lie in a physically inaccessible region (e.g., have positive energy) and hence have zero probability, this only moderately affects the likelihood of the given cluster, provided that there are enough samples for which f (w i,k ) has a non-negligible value. Of course, the set of Monte Carlo samples must remain the same for all models, to cancel the Poisson fluctuations in the likelihood (McMillan & Binney 2013) .
The integral in the denominator is the overall normalization factor, identical for all clusters. In the absense of a non-trivial selection function, it can be computed directly in the I space, and gives the total number of clusters.
In addition, the posterior likelihood of a model with the given parameters of the DF and the potential may have a contribution from a prior probability of these parameters. In practice, we specify non-trivial priors for a couple of parameters, and simply restrict other parameters to lie in some finite intervals, to ensure that the prior probability is normalizable. For dimensional parameters such as scale radius, we adopt uninformative priors in their logarithms.
Ingredients
Similarly to Binney & Wong (2017) and Posti & Helmi (2018) , we express the DF as a function of actions: the radial action Jr, the vertical action Jz, and the azimuthal action J φ , equivalent to the z-component of angular momentum if the potential is axisymmetric. The Stäckel fudge in the current implementation only works for oblate axisymmetric potentials, hence we have to neglect the dynamical effect of the bar and possibly other non-axisymmetric features in the inner Galaxy, and restrict our halo shape to be spherical or oblate. For this reason, we do not expect the model to offer an accurate description of the dynamics of clusters in the innermost few kpc.
We assume that the entire population of globular clusters is described by a single DF, i.e., not making any distinction between metal-poor halo and metal-rich disky populations. It is possible to generalize this approach by considering a mixture of two DFs and attribute each cluster to either of them probabilistically, just as we did to distinguish cluster members from field stars in the PM space. This would add a few more free parameters to the model without changing the overall procedure. However, our choice for the functional form of the single DF is already quite flexible, and it can simultaneously describe both populations reasonably well. It is similar to the double-power-law DF families used by Posti et al. (2015) , Williams & Evans (2015) and Binney & Wong (2017) :
Here
are linear combinations of actions, with dimensionless coefficients controlling the spatial flattening and velocity anisotropy of the model in the outer region (above the break action J0) and the inner region (below J0), respectively. The power-law indices B and Γ control the outer and inner slopes of the density profile (although the relation between these the slopes of the DF and the density also depends on the potential). The parameter η determines the steepness of the transition between the two regimes. The rotation is introduced by the parameter κ in a way that is roughly constant across all energies, since we normalize J φ by the sum of all three actions. This is different from the convention used, e.g., in Binney & Wong (2017) or Posti & Helmi (2018) , which had a non-rotating core because J φ in the argument of tanh was normalized by a fixed constant. Overall, there are 9 free parameters in the DF (the total mass is fixed by the normalization constraint), which are restricted to physically acceptable ranges (B > 3, 0 < Γ < 3, 0.5 ≤ η ≤ 2, and positive coefficients in the linear combinations of actions). The DF determines both the density profile and the velocity distribution of the tracer population of clusters. Of course, if the functional form of the DF and its parameters are adequate, the resulting density profile would match the actual spatial distribution of clusters, but we do not fit for it independently.
For the potential, we use the following three components: a central bulge with a truncated power-law profile, an exponential disc, and a rather flexible functional form for the halo density profile. The bulge profile is identical to that of McMillan (2017) , and for simplicity, we replace four separate disc components from that study by a single exponential disc with a scale radius 3 kpc and scale height 0.3 kpc. The rotation curve produced by such a disc is very similar to the combination of four separate ones. The halo density profile follows the Zhao (1996) αβγ model:
The case α = 1, β = 3, γ = 1 corresponds to the NFW profile, often used in other studies. However, we wish to avoid possible biases resulting from a restricted functional form of the halo potential, hence our model is very flexible -the inner density slope is controlled by γ, the outer by β, and α determines the steepness of transition between two asymptotic regimes. We experimented with non-spherical (oblate) shapes of the halo, but the fit always preferred the axis ratio close to 1, hence we assume the halo to be spherical. Overall, the potential has seven free parameters: the density normalization ρ h and scale radius r h of the halo, its three dimensionless slope parameters, and masses of the bulge and the disc. We allow the latter two to vary in a rather limited range, inspired by the best-fit potential suggested in McMillan (2017) : M bulge = 9 × 10 9 M , M disc = 5.5 × 10 10 M , both with relative uncertainty of 10%. The distribution of posterior values closely follows the prior, but the added flexibility allows us to propagate the uncertainty into the halo component. In addition, we put a prior on the amplitude of circular velocity at the solar radius: vcirc(R0) = 235±5 km/s. This value is consistent with both the best-fit potential of McMillan (2017) and the observed total azimuthal solar velocity of 248 ± 3 km/s after subtracting the peculiar motion of 11 ± 2 km/s (Bland-Hawthorn & Gerhard 2016). We neglect the contribution of globular clusters to the total mass of the Galaxy.
Monte Carlo simulations
We explore the parameter space with the Monte Carlo Markov Chain (MCMC) method, implemented in the emcee package (Foreman-Mackey et al. 2013). We run 50 walkers for several thousand steps, monitoring the convergence of the posterior distribution, and use the median, 68% and 95% percentiles to plot the results and their 1σ and 2σ confidence intervals.
We first run the fitting procedure, fixing the parameters of the potential to the values of McMillan (2017) best-fit model, and only varying the DF parameters. The resulting models successfully reproduces the cluster density profile and principal features in their velocity distribution. As it turns out, the range of acceptable DF parameters is rather insensitive to whether we vary the potential or not, so we discuss the properties of the DF later, after describing the entire simulation suite.
We then tested the ability of our machinery to recover the gravitational potential, if we let it free. For this purpose, we took one of the DFs from the MCMC chain, and used it to randomly draw the velocity at each cluster's measured position xi from the conditional velocity distribution f (x = xi, v). By using the measured positions, instead of drawing them from the same DF, we test the possible biases arising from a mismatch between the actual density profile and the one generated by the DF. We then converted the position and velocity of each cluster to the observable coordinates (sky position, distance, PM and line-of-sight velocity) and added a normally distributed random error to these values, drawn from the actual error estimates for each cluster. This mock dataset was then analyzed by the same pipeline, but this time the parameters of the potential are also allowed to vary. By repeating this experiment several times with different choices of DF, we found that the potential is well recovered, with a typical uncertainty on the rotation curve in the range 10 − 20 km/s. The median rotation velocity is somewhat underestimated at large distances, but the true curve lies within the 1σ confidence interval.
Finally, we proceed with modelling the original dataset with both the DF and potential parameters varied in the fitting process. The posterior distributions do not show any significant correlation between the DF and potential parameters, and only a few parameters in each of these two groups are substantially interdependent (e.g., the outer slope of the halo density profile β and its scale radius r h ). Several parameters are not well constrained, such as the steepness of the transition between inner and outer halo density slopes α. Nevertheless, we let them vary in the fit to avoid possible biases due to a more constrained functional form of our models.
We explored the robustness of our results to various changes in the input data, for instance, removing the globular clusters associated with the Sagittarius stream (except M 54), or keeping the PM data only for the 91 clusters previously measured by Gaia collaboration and HST (the sample used in Watkins et al. 2018 ). The range of acceptable models was slightly wider for the more restricted input sample, but the general trends remained the same.
Results for the DF
The chosen functional form of the DF proves to be flexible enough to reproduce the main trends in the observed velocity distribution (Figure 7) . The velocity dispersion is close to isotropic in the central few kpc and radially biased further The density profile is also well reproduced, as shown in Figure 8 , except in the very centre, where both the input catalogue is likely incomplete, and the model is not expected to be very accurate. The spherically-averaged cluster density produced by the DF does not have an explicit expression, but is well approximated by the αβγ profile (3) with α = 0.5, β = 6, γ = 0, and scale radius 6 kpc. The logarithmic slope d log ρ/d log r gradually changes from close to −3 around the solar radius to −5 around 100 kpc. The density is significantly flattened in the central few kpc, with axis ratio z/x 0.4 − 0.6. Binney & Wong (2017) and Posti & Helmi (2018) used a similar DF-based approach as in our study, but divided the entire population into a disc-like and halo-like subset, with two separate DFs. The functional form of their halo DF was also somewhat different from the one in the present study, preventing a direct comparison between parameters. Instead, we focus on more directly observable features, such as the anisotropy and rotation. Binney & Wong (2017) report a similar amount of radial anisotropy in the outer halo as we find, and a weak prograde rotation of the halo component. Their disc component had a much higher mean azimuthal velocity v φ , reaching 185 km/s at 5 kpc, but with a much lower dispersion σ φ 50 km/s, whereas σz was around 100 km/s. When combining both components, they find v φ 70 ± 30 km/s, consistent with our values. The azimuthal velocity dispersion σ φ then must necessarily increase, and is likely in the same range as we have. The cluster density at large radii declined as r −5 or even steeper, and was quite flattened in the central part -the axis ratio z/R is ∼ 1/3 for the disc component and ∼ 2/3 for the halo component, although they do not quote it for the entire population. This is also similar to our results for the overall density profile. Posti & Helmi (2018) , on the other hand, find the halo component to be only mildly radially anisotropic (β 0.2), and the density profile to roughly follow a power law with slope −3.3, although this probably refers to a smaller range of radii than our (steeper) asymptotic slope. Sohn et al. (2018) examined the distribution and kinematics of 20 globular clusters with galactocentric distances ranging from 10 to 40 kpc, for which the PM is measured by HST . They find their density profile to follow r −3.5 , and anisotropy β ∼ 0.4 − 0.7, similar to our estimates for this range of radii. Watkins et al. (2018) augmented this sample with Gaia-derived PM for 34 clusters with apocentre distances greater than 6 kpc. They find their density to be well approximated by a broken power law with inner slope −2, outer slope −3.5, and break radius around 4 kpc. Their estimate for velocity anisotropy for the entire Gaia+HST sample is β ∼ 0.5 ± 0.15. These results are compatible with ours. 
Results for the potential
We now discuss the inference on the potential that we obtain by allowing its parameters (mainly the halo) to vary during the fit. Rather than plotting the posterior distribution for each parameter, we plot the median value and 1σ/2σ confidence intervals on the rotation curve in Figure 9 . For comparison, we also show the circular velocity of our default potential, taken from McMillan (2017), and the one from Bovy (2015) (MWPotential2014). The former potential is within one-two σ from the most-likely models in our chain, but the latter one is clearly inconsistent not only with the local circular velocity (imposed by our prior), but also with the rotation curve at larger radii. Interestingly, the mostlikely models have a higher circular velocity than the local value up to roughly 40 kpc. This is apparently dictated by a rather high radial velocity dispersion in the cluster sample; when we fix the potential to McMillan's model, the resulting radial velocity dispersion in the model is somewhat lower, although by less than one standard deviation. The density profile of the halo preferred by the fitting routine is shallower than ρ ∝ r −1 in the inner part of the Galaxy and steeper than r −3 in the outer part. Hence, despite a rather high circular velocity within 50 kpc (220 − 250 km/s), it declines faster than in the NFW model further out. Consequently, the formally defined virial radius 1 is ∼ 160±20 kpc, and the virial mass is ∼ 0.8
12 M , at the lower end of the range found in the literature. However, it makes little sense to compare these extrapolations for fairly different outer density slopes. What could be com-1 We define R virial such that the mean density within this radius is 100 times higher than the cosmic density of baryons. pared more meaningfully is the total enclosed mass (including 6.5 × 10 10 M in baryons) within a given radius probed by the tracer population. For our models, the mass within 50 kpc is ∼ 0.6 +0.14 −0.09 × 10 12 M , and within 100 kpc is 0.8
+0.30
−0.17 × 10 12 M . This agrees rather comfortably with most estimates in the literature (see Table 8 We restrict the scope of comparison of potential estimates to papers using the kinematics of globular clusters only. Our DF-based approach is most similar to that of Posti & Helmi (2018) , but their assumptions about the form of gravitational potential make a direct comparison rather difficult: they assumed an NFW halo and varied its mass and radius simultaneously, and also allowed it to be non-spherical. As mentioned above, we find that a spherical shape is always preferred by the fit, and since we also put a strong prior on the local circular velocity, this would essentially fix everything in the potential, if we were to assume an NFW halo profile. From the analysis of HST -derived PM for 20 outer globular clusters, Sohn et al. (2018) find the circular velocity at 40 kpc to be 259 −16 km/s. Our range of values lies somewhere in between, and is consistent with both. As discussed in Section 2.3, our PM agree well with the HST data (and, of course, with the previously derived Gaia PM), hence the agreement with the results from a rather different method is reassuring. Eadie et al. (2017) also used kinematics of the cluster population, although relying on the older, groundbased PM measurements, and obtained a substantially lower enclosed mass -(0.34 ± 0.04) × 10 12 M within 50 kpc, see Figure 1 in the erratum of that paper. It is not clear whether the disagreement is due to the difference in the data or in the method.
Of course, a more elaborate approach would take into account other dynamical constraints on the potential, for instance, from the motion of satellite galaxies, stars in the halo, or tidal streams. The goal of this section was to demonstrate that globular clusters also provide a useful dataset to work with, and their constraints on the potential seem reasonable.
SUMMARY
• We provide the most complete catalogue of PM for nearly all Milky Way globular clusters, with estimated uncertainties much smaller than 0.1 mas/yr for most objects. This catalogue complements the measurements provided by the Gaia collaboration (H18) and various HST -based determinations (e.g., Sohn et al. 2018) , and is in excellent agreement with both. By contrast, we find that existing groundbased measurements are not only much less precise than the space-based ones, but often deviate from them by a far larger amount than implied by their quoted uncertainties.
• By analyzing the 6d spatial and velocity distribution of galactic globular clusters, we confirm that their population in the inner Galaxy has a significant rotation, with mean azimuthal velocity in the range 50 − 80 km/s within 10 kpc.
The velocity dispersion is largely isotropic in this region, with σ 120 km/s. At large galactocentric distances, the distribution becomes radially anisotropic, with the value of anisotropy parameter β 0.6 similar to that of the stellar halo (e.g., Deason et al. 2012; Kafle et al. 2014; Belokurov et al. 2018; Wegg et al. 2018 , among others).
• We also explore the 6d distribution of clusters in the action/angle space. It illustrates more clearly several kinematically distinct populations, for instance, the 6 clusters associated with the Sagittarius stream (confirming some of the candidate members suggested in Law & Majewski 2010) , or the group of outer halo clusters with little net rotation and high radial action, identified in Myeong et al. (2018) .
• We find that the distribution of clusters in phase angles deviates from a uniform one, with a deficit of clusters at the opposite side of the Galaxy, or moving vertically through the Galactic disc. Since a dynamically relaxed population is expected to be randomly spread in orbital phases, this hints at a possible observational selection bias, naturally arising from the dust obscuration within the galactic plane.
• We model the observed 6d phase-space distribution of clusters by a combination of an action-space DF f (J ) and the total gravitational potential Φ, using a likelihoodbased approach with full account of observational errors. By exploring the parameters of the DF and the potential in an MCMC simulation, we find a range of acceptable models, producing a rotation curve that stays at a level 220 − 250 km/s in the range 8 − 50 kpc. This is somewhat higher than provided by our default choice of potential from McMillan (2017), but consistent with it within 95% confidence interval; however, potentials with a lower circular velocity in this range of radii, such as MWPotential2014 from Bovy (2015) are disfavoured by the data. I thank V. Belokurov, D. Erkal, J. Sanders, S. Koposov and G. Myeong for valuable comments. This work uses the data from the European Space Agency mission Gaia (https://www.cosmos.esa.int/gaia), processed by the Gaia Data Processing and Analysis Consortium (https: //www.cosmos.esa.int/web/gaia/dpac/consortium). This work was supported by the European Research council under the 7th Framework programme (grant No. 308024).
APPENDIX A: GAUSSIAN MIXTURE MODELLING
In this section we describe our method for deriving membership probabilities and parameters of the distribution from a mixture of cluster and field stars in the PM space. We specialize to the case of two components (members and contaminants) and two dimensions (µα, µ δ ), but present the approach more universally.
We assume that the intrinsic (noise-free) distribution of each component c in the mixture is a Gaussian with some mean value µ c and a symmetric covariance matrix Σc (in this section, vectors are denoted by boldface and matrices -by sans-serif font). The D-dimensional multivariate Gaussian probability distribution is
The overall distribution function of the mixture is a weighted sum of K Gaussian components:
The actual values of µi for each i-th star are not measured exactly, but with some observational error, which we assume to be normally distributed with a zero mean and an uncertainty covariance matrix Ei (different for each star). Thus the probability of drawing a value µi from the mixture distribution is a convolution of f with the error distribution for this datapoint. For the Gaussian distribution, the convolution is trivial and produces another Gaussian with the same mean and a covariance matrix Σc + Ei for each component c.
In what follows, we assume that all data points have the same intrinsic distribution. However, a more sophisticated approach would take into account that the weights q in the mixture may be different for each star, depending on some variables other than µ i . For instance, Walker et al. (2009) used the distance of the star from the cluster centre (in the image plane, not in the PM space) to define a prior probability of membership qc=1;i for each star, with the parameters of this prior adjusted during the fit.
The total log-likelihood of this Gaussian mixture model, given the set of N measured values µ i and their error estimates Ei, is given by
The free parameters in the model are all elements of matrices Σc and vectors µ c , and K − 1 weights qc. In principle, one may use any general-purpose minimization routine to find the maximum-likelihood solution, but the standard approach is to use the iterative expectation-maximization (EM) algorithm (e.g., Press et al. 2007, Chapter 16.1) . It proceeds by repeating the following two steps: first the probability qc;i of each datapoint to belong to each Gaussian component is estimated for the current parameters of the model (expectation step), and then the parameters are updated by computing the mean values and covariance matrices of each component from the datapoints, weighting each point in accordance to its expected membership probability (maximization step). This process is guaranteed to converge to a stationary point, although it may well be a local, not the global maximum of likelihood. This method was generalized by Bovy et al. (2011) to the case of noisy data, under the name Extreme Deconvolution. We use the basic idea of the latter approach, but with the following modifications:
• We find that the convergence of the EM algorithm is often slow, when it is close to a strongly degenerate maximum. Therefore, we augment it with the standard NelderMead minimization algorithm (Press et al. 2007 , Chapter 10.5) which brings the parameters as close as possible to the stationary point.
• Since in our application we have only two components, and one of them must represent the stellar cluster, we put further restrictions on its parameters. Namely, we assume that the intrinsic distribution of the first component is an isotropic Gaussian, i.e., with a diagonal matrix Σ1 = diag(σ 2 1 ), where σ1 is the 1d standard deviation in PM for each coordinate. Furthermore, σ1 cannot be arbitrarily high, and in fact for many distant clusters it must be very close to zero. Thus we impose an upper limit on σ1, translating the 1d line-of-sight velocity dispersion and the distance, both taken from the literature, into the PM dispersion. We use either the catalogue of Baumgardt & Hilker (2018) or Harris (2010) , or take 3 km/s if no data is available. This limit is imposed after each maximization step, when the new estimates of the covariance matrices Σc are computed -we replace Σ1 by a unit matrix multiplied by the average of its diagonal elements and capped at the upper limit.
• Most importantly, after the maximum-likelihood solution has been found, we need to estimate the uncertainties on the derived parameters, in particular, µ 1 . Since the loglikelihood function (A3) is quadratic near its maximum, we compute its Hessian matrix H ≡ d 2 ln L/dξα dξ β , where the vector ξ contains all model parameters except σ1 (because the latter is an externally constrained variable during the fit). The inverse of the Hessian (with negative sign) is the covariance matrix of parameter uncertainties, of which we are only interested in the 2 × 2 fragment corresponding to µ 1 . The uncertainties on the mean values of each component in a Gaussian mixture are larger than in the case of a single Gaussian (when they could be computed from data error estimates E i ), because they also encompass the uncertainty of attributing each data point to either component.
The Gaussian mixture modelling is superior to the more conventional techniques such as σ-clipping, not only because it is a statistically well-defined inference procedure and not just a prescription (cf. Hogg et al. 2010 ), but also because it can more robustly isolate a not-too-narrow peak in a crowded background population. However, for it to work correctly, one must include a sufficient number of non-member stars in the input sample. The probability of each data point to belong to either cluster or field component depends both on its distance from each component's centre (normalized by the inverse of Σc + Ei), and on the total weight of each component in the sum. Consider an example where both populations are centered at origin, cluster stars have intrinsic PM dispersion 0.1, and field stars -5. If the fraction of field stars is 10 −3 , then a star with a unit measurement error would need to be at a distance 4.2 from the origin, in order for its membership probability to drop below 0.5; however, if the fraction of contaminants is 50%, then this star will be classified as a likely field star already when it is 1.8σ off. Hence, somewhat counter-intuitively, a larger contaminant fraction leads to a cleaner sample. In addition, the implicit assumption is that the field population has a broad enough distribution to capture any non-compliant measurements; however, if there are very few truly non-member stars, the parameters of the field distribution cannot be determined reliably enough, again distorting the classification. This is why we sometimes had to consider a rather large area on the sky compared to the cluster half-mass radius, especially for clusters in very sparsely populated regions in the halo.
APPENDIX B: NOTES ON INDIVIDUAL OBJECTS
AM 1, Pal 3 and Pal 4 are very distant halo clusters (D 100 kpc) in sparsely populated regions on the sky. Gaia detects several dozen stars in each of them, mostly belonging to the horizontal branch (G magnitudes aroung 20.5 − 21, with correspondingly large PM errors), and a few brighter ones in the upper red giant branch. Almost all of them are also identified as possible member stars by Hilker (2006) for the first two clusters, based on photometry, and by Frank et al. (2012) for the last one, based on radial velocities. The large distance and small number of member stars mean that the statistical errors in transverse velocities are quite large, of order 100 km/s.
Crater (Laevens 1), discovered independently by Belokurov et al. (2014) and Laevens et al. (2014) , is the most distant globular cluster in our sample, which was not listed in the Harris (2010) catalogue. Follow-up spectroscopic studies of Kirby et al. (2015) and Voggel et al. (2016) determined the radial velocity (∼ 149 ± 1.5 km/s) and provided the list of likely members, of which 5 are found in Gaia data with PM close to zero (as could be expected for such a distant object). We identified several more candidate members based on their PM, but the estimate of the statistical uncertainty for the mean PM is still very large, corresponding to an error of 200 km/s in the transverse velocity.
Djorg 1 is a strongly extincted cluster in the direction of Galactic centre. Its PM is well measured by Gaia, but the distance of ∼ 14 kpc listed in the Harris catalogue would place it on a highly unlikely orbit with a tangential velocity of ∼ 350 km/s, twice larger than the local rotation speed; however, if it were located at a distance 8−9 kpc, i.e., close to the Galactic centre, the velocity would have been more reasonable (∼ 100 km/s). Moreover, the line-of-sight velocity of −360 km/s measured in Côté (1999) is based only on two stars, and is also improbably high. We therefore list its PM in the table, but exclude it from subsequent analysis of the dynamics of the entire population of globular clusters due to unreliable kinematics.
Djorg 2 and BH 176 did not have radial velocity listed in either Harris (2010) or Baumgardt & Hilker (2018) catalogues; we took these values from Dias et al. (2016) .
2MASS-GC03 (FSR 1735) is a strongly extincted cluster close to the plane of the Galaxy. Carballo-Bello et al. (2016) measured the metallicity [Fe/H] = −0.9 ± 0.2 and radial velocity V los = −78±12 km/s from near-infrared spectroscopy of 10 candidate member stars. These stars are also detected in Gaia. However, the five candidate members suggested in that paper have very disparate PM, hence cannot belong to the cluster. Instead, another four stars (numbered 04, 05, 09 and 10 in their Table 1 ) are clustered both in the PM space (around µα = −5, µ δ = 0) and in the colourmagnitude diagram near the tip of the red giant branch; three of them have measured radial velocities consistent with V los = 5 ± 10 km/s, which we take as the mean value for the cluster. The Gaussian mixture analysis picks up a few dozen more stars which likely belong to the cluster and have PM consistent with that tentative value; they also line up nicely in the image plane.
Liller 1 is a heavily extincted ( E(B − V ) ≥ 3) cluster close to the Galactic centre. We took the list of potential member stars with measured radial velocities from Baumgardt & Hilker (2018) , and found three possible candidates with Gaia PM around µα = −5.5, µ δ = −8. The Gaussian mixture analysis suggests about two dozen possible members, but only a few stars with relatively high probability of membership, and consequently the uncertainty of mean PM is rather large (the highest in our sample, and still probably underestimated). Table B1 . Catalog of PM for the Milky Way globular clusters. Names of clusters with no previous space-based PM measurements (new in this work) are highlighted in italic. Coordinates α, δ (in degrees), the distance D (in kpc), the line-of-sight velocity V los , and its error estimate V los (in km/s) are taken mostly from the Harris (2010) catalogue, with modifications highlighted in italic (e.g., velocities listed in Baumgardt & Hilker (2018) or other recent papers, when available). Mean PM µα ≡ [dα/dt] cos δ, µ δ ≡ dδ/dt (in mas/yr) are derived in this work. Their standard deviations are µα , µ δ , and r µα µ δ is the correlation coefficient (normalized non-diagonal element in the error covariance matrix). Last two columns list the angular radius ρ used to select the stars in each cluster (in arcmin), and the number of member stars. 
